We investigate statistical properties of the Voronoi estimator for intensity of an inhomogeneous Poisson process. The Voronoi estimator may be defined for any location as the inverse of the area of the corresponding Voronoi cell. We show the estimator is approximately unbiased with a gamma sampling distribution when estimating intensity of an inhomogeneous Poisson point process. We also introduce the centroidal Voronoi estimator, a simple extension based on spatial regularization of the point pattern. Simulations show the Voronoi estimator has remarkably low bias, while the centroidal Voronoi estimator has slightly more bias but much less variability.
For any location y belonging uniquely to the cell C i , the disk B(y; ||y − p i ||) centered at y will pass through p i and contain no other elements of the point pattern. Consequently, the event that y is in C i is equivalent to the event that no p j is in B(y; ||y − p i ||).
2·2. Sampling distribution and bias of the Voronoi estimator
We consider an inhomogeneous Poisson point process N with rate λ y on a compact subset S ⊂ R 2 . Call C y the Voronoi cell used to estimate intensity at the location y = (y 1 , y 2 ), and C t(y) the cell capturing y if the point (y 1 , y 2 ) has been added to a realization of N . We use A y to denote the area of C y and A t(y) as the area of C t(y) . Thenλ y is the Voronoi estimator of intensity at location y and C t(y) is analogous to the typical homogeneous Poisson Voronoi cell. Throughout we use the gamma distribution G(x; α, β) = {β α /Γ(α)}x α−1 e −βx with scale parameter α and inverse scale parameter β. Also note, if X ∼ G(x; α, β), then 1/X follows the inverse gamma distribution 1/X ∼ G(x; α, 1/β).
Assumption 1: A t(y) ∼ G(x; α y , β y ).
While no exact results are available, the distribution of A t(y) in the homogeneous case, λ y = λ, has been studied extensively via simulation. Two and three parameter gamma distributions have been fit, and the approximation is quite good (Okabe et al., 2000) . The distribution of A t(y) is a function of the local intensity, prompting the use of subscripts on the parameters in Assumption 1.
Since Voronoi cells are only affected by shifting points on or within their fundamental domain, Assumption 1 will be reasonable if the process is nearly homogeneous around the location y.
Simulation results, not shown, suggest Assumption 1 is quite tenable for general λ y .
Theorem 1: If Assumption 1 holds, thenλ ∼ IG(x; α y + 1, 1/β y ).
Proof: The distribution of A y is given by P r{A y = x} = φ( φ) −1 , where φ = G(x; α y , β y )x. After noting that φ = α/β and grouping terms, it can be seen that A y ∼ G(x; α y + 1, β y ). Thusλ ∼ IG(x; α y + 1, 1/β y ).
Theorem 1 establishes that the Voronoi estimator has an inverse gamma sampling distribution.
The proofs of Theorem 2 and Corollary 1 rely on a limiting argument that supposes N (k) is a sequence of inhomogeneous Poisson processes with corresponding Voronoi tessellations T (k) and intensities λ (k) satisfying three additional conditions for some sequences of constants a (k) ,
1 , and
Assumption 2:
Assumption 4:
converges to 0 as k → ∞. 1 becomes large, or as the radius b (k) within which intensity is constant becomes large.
Corollary 1: If Assumptions 1-4 hold, then E(λ y ) → λ y .
Proof: It follows from Theorem 1 that E(λ y ) = β y /{(α y + 1) − 1}. Additionally, E(A t(y) ) = α y /β y under Assumption 1 and E(A t(y) ) → 1/λ y by Theorem 2. Therefore β y → α y /λ y and
Corollary 1 establishes that the Voronoi estimator is approximately unbiased.
SIMULATION STUDIES
Here we investigate the sampling distribution and other properties of the Voronoi estimator and a centroidal Voronoi estimator via simulation. Two test models are considered, each an inhomogeneous Poisson point process. Model 1 foreshadows the large-magnitude earthquakes studied in Section 4 and Model 2 is adapted from Heikkinen & Arjas (1998) . Figure 1 shows the intensity functions for Models 1 and 2 as well as one realization sampled from each.
The sampling distributions of the Voronoi-and centroidal Voronoi estimators were studied by drawing 5,000 samples from Model 2, on
Intensity estimatesλ y andλ C y with j = 2 were obained at two test locations, (.34, .34) and (.48,.48), and an inverse gamma model was fit to each distribution via maximum likelihood. Agreement between the empirical distribution and best fitting inverse gamma was strong for both estimators at each test location.
We compare the properties of Voronoi estimators with kernel estimators, which have the form 
EARTHQUAKE INTENSITY IN THE CONTINENTAL UNITED STATES
As seen in the previous Section, the performance of a kernel estimator may be poor relative to Voronoi-type estimators especially when the intensity surface being estimated fluctuates dramatically. One example of such a scenario is the intensity of earthquakes in the continental United States. Earthquake activity is prodigious on the border of the North American and Pacific tectonic plates running along America's West coast. However, earthquakes are extremely This example is similar to our simulated Model 1, because the spatial process for large earthquakes is often well-approximated by an inhomogeneous Poisson model (Kagan & Jackson, 1994; Boschi et al., 1995; Kagan & Jackson, 2000; Evison, 2001; Fryzlewicz & Nason, 2004) .
Even when fitting clustering models to earthquake data, the background intensity is typically modeled as inhomogeneous Poisson, and this background intensity is typically estimated by smoothing the larger events (Ogata, 1998; Kagan & Jackson, 2000; Schoenberg, 2003) .
Earthquake intensity was estimated using kernel estimators and Voronoi-type estimators. In the case of kernel estimation, a Gaussian kernel was used with bandwidth selected by crossvalidation. The Voronoi estimators adaptively and automatically adjust their spatial resolution as the intensity of earthquakes decreases sharply moving West to East along the continent. In contrast, the kernel estimator oversmooths the peak of intensity along the West coast, and may underestimate intensity in other locations.
DISCUSSION
Standard intensity estimators, such as kernel smoothers, can be substantially biased when the intensity being estimated is highly volatile and may have relatively high variance when the bandwidth is fixed or insufficiently adaptive. The Voronoi estimator appears to alleviate these problems. It is approximately unbiased for inhomogeneous Poisson processes, and can have less Furthermore the probability that y ∈ C (k)
o is equivalent to the probability there are no points of N (k) within B{(r, θ); r}, where (r, θ) are the polar coordinates of y. Thus,
where the exponent can be expressed in terms of θ as follows:
Using Assumption 3, the expression for the expected cell area can be decomposed into two parts
By Assumption 2, the second term in (5) is bounded via
Combining (5) and (6), the difference between the expected cell area and a −1 (k) has the following 
